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We report experimental results on the maximum angle of stability, i.e., the so-called avalanche angle, of a
granular medium subjected to an inner water flow controlled by a constant pressure drop. A unique avalanche
threshold is derived by two alternative theoretical developments, namely a continuum and a discrete approach,
and is successfully confronted to many measurements in a large experimental range. A qualitative analysis of
the instability triggering reveals different dynamical behaviors depending on whether the water flow is down-
ward or upward in the granular layer, namely stabilizing versus destabilizing regime. Contrary to the purely
hydrostatic situation, the free surface following an avalanche departs from a linear shape because the dynami-
cal pressure gradient is no longer constant in the medium. A simple model is proposed that can satisfactorily
predict the postavalanche height profile as well as its subsequent evolution for higher inclinations.

DOI: 10.1103/PhysRevE.77.041306 PACS number�s�: 45.70.Ht, 47.55.Lm, 47.56.�r

I. INTRODUCTION

Gravitational stability of a soil is a major concern for both
civil engineering structures and for natural hazards since
slope failures can trigger large surface avalanches, massive
landslides �1�, or potentially devastating debris flows �2�.
Such events occur in subaerial as well as in subaqueous en-
vironments and, for instance, landslides are frequently ob-
served on the seafloor, even on very slight inclines �1�. For
fully saturated soils, groundwater flow affects soil stability
and, according to streamlines orientation versus gravity, can
possibly lead to fluidization �3� or to slope failure. Down-
stream face sliding on an earth dam, submarine landslide, or
quicksand are some related examples of gravitational insta-
bilities induced by groundwater flows.

The present work deals with the situation of an immersed
granular medium subjected to an inner water flow, either in
an upward or downward direction in respect to its free sur-
face normal. The main question is to understand how the
whole drag force exerted on the grains by the flow will en-
hance or reduce the overall stability of the medium. In the
specific case of granular media, the stability threshold is sim-
ply determined by the maximum stable slope inclination also
called avalanche angle. The aim of this study is to focus both
theoretically and experimentally on the influence of a steady
inner water flow on the avalanche angle of a granular layer
and on its subsequent dynamics. To tackle this issue, granular
physics, soil slope stability, and fluid dynamics in porous
media must be brought together.

To our knowledge, only a few studies have investigated
experimentally the effect of an inner fluid flow on the stabil-
ity angle of a granular medium. In the case of a water flow,
van Rhee and Bezuijen have proposed two distinct failure
modes, namely a continuum mode and a single-particle
mode, depending on whether the flow is outward or inward
�4�. Some experimental data approximately verify the theo-
retical relations but without any explanation for this obvious
influence of the flow direction on the adequate failure crite-
rion. In a more recent study and for a similar situation, Lu et
al. have solely considered a stability criterion based on a
local particle equilibrium �5�. But their theoretical prediction,

different and to our mind much more reliable than the previ-
ous one, must be modified by an arbitrary shift to roughly
agree with several experimental data, obtained only in a
small range of angles. In the case of a gas flow within the
medium, Eames and Gilbertson have carried out an exhaus-
tive study of aerated granular flows where different expres-
sions have been proposed for the repose angle of a granular
material poured on a horizontal surface �6�. These expres-
sions depend on whether a continuum or a single particle
approach is preferred, and also on whether a low or a high
Reynolds number description is used for the drag force ex-
erted on a single particle by the gas flow. According to their
experimental results, distinct expressions must be selected
for a conical granular pile and for a quasi-bidimensional pile
for which the influence of the lateral walls cannot be ne-
glected.

The paper is organized as follows. After a description of
the setup in Sec. II, both continuum and discrete theories are
proposed in Sec. III and produce the same theoretical predic-
tion for the avalanche angle of a granular layer subjected to
an inner water flow. In Sec. IV, this prediction is successfully
confronted to a large set of experimental data and the differ-
ent regimes of the instability dynamics �destabilizing vs sta-
bilizing regime� are qualitatively described. The profile of
the static-free surface following an avalanche, which departs
significantly from a linear slope in the stabilizing regime, is
also studied experimentally and theoretically. Finally, Sec. V
summarizes the findings and draws some plans for further
research.

II. EXPERIMENTAL SETUP

A diagram of the experimental setup is presented in Fig.
1. It consists of a granular sample poured in water inside a
partially transparent rectangular cell with inner dimensions
of 20�5�40 cm �length�width�height�. The top and the
bottom of the cell are connected to two different water res-
ervoirs so as to establish a controlled downward or upward
flow in the granular medium. The flow is homogeneously
distributed by two layers of large glass beads �1 cm diam-
eter� positioned at the bottom and at the top of the cell. The
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granular sample lies on a fine grid placed over the lower
distributor. A set of eight pore pressure ports has been fixed
in the left lateral wall and a camera is used to record the
movement of the grains at the front wall. The whole system
�cell+camera� is rotated at small speed by a direct current
motor. Nearly all the experiments presented here were per-
formed with different samples of spherical glass beads, hav-
ing mean diameters d ranging from 0.3 to 3 mm. A few sets
of experiments were also carried out with a natural sand
�0.4–0.8 mm�. Figure 2 presents a schematic diagram of the
cell containing a granular layer of height H.

Inside the granular bed, the total water pressure gradient
reads

grad P = �wg� + grad P̃ , �1�

where P and P̃ are, respectively, the total pressure and the
nonhydrostatic pressure, �w the water density ��w
�103 kg m−3�, and g� the gravitational acceleration ��g� �
=9.81 m s−2�. In this expression, the first term denotes the
hydrostatic pressure gradient, corresponding to buoyancy,
and the second one is the pressure drop associated to the
viscous loss induced by the water flow through the granular
medium. Alternatively, we can also introduce a nondimen-
sional form of the nonhydrostatic pressure gradient which is
i�, usually called hydraulic gradient by hydrologists, and de-
fined by

�wgi� = grad P̃ �2�

The setup imposes that P̃ is constant at the top and at the

bottom boundary of the granular bed �7�. Let denote P̃+ and

P̃− the corresponding values, respectively, at the upper and at
the lower surface. Assuming that the medium is homoge-
neous and isotropic, the flow streamlines are parallel to the
lateral walls �i.e., perpendicular to the free surface�, as de-
picted by the arrows on Fig. 1. In the cell frame, with the
coordinate axes defined in Fig. 2, the nonhydrostatic gradient

pressure reads simply grad P̃=−� �P̃
H �y� with �P̃= P̃−− P̃+ and

where y� is the unit vector along the y axis. In a nondimen-
sional form, the corresponding hydraulic gradient is i�=−iy�
=−� �P̃

�wgH �y� . To check the validity of the homogeneity as-
sumption, some pressure profiles were measured inside a
glass beads sample with a differential pressure sensor by
means of the lateral pore pressure ports. As can be seen in
Fig. 3, these pressure profiles are actually almost linear and
the granular layer is consequently reasonably homogeneous.

FIG. 1. Diagram of the experimental setup constituted of two
constant level tanks and of a rotating cell with a set of eight pore
pressure ports �on the left lateral wall�, two flow distributors, and a
camera. The black arrows depict the seepage streamlines �down-
ward in the present configuration� parallel to the lateral walls.

FIG. 2. Schematic diagram of the cell with the eight ports pres-
sure in the left lateral wall, the upper and lower nonhydrostatic

pressure P̃+ and P̃−, and the coordinate axes in the cell frame. �P̃
denotes the pressure drop between two ports pressure separated by
a distance �y.

FIG. 3. Vertical profiles of the nonhydrostatic water pressure,

�P̃ versus �y �defined in Fig. 2�, measured inside a granular sample
�H=15.6 cm and �=0.600� constituted of glass beads �d
=1.0�0.1 mm� and with three different water velocities: v
=0.97 cm s−1 and i=0.86 ���, v=0.65 cm s−1, and i=0.61 ���, v
=0.42 cm s−1, and i=0.42 ���.
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The protocol used to obtain reproducible samples is de-
scribed later in Sec. IV A.

Two distinct water flow regimes can be defined according

to the sign of the pressure drop �P̃ or, equivalently, to the

sign of the hydraulic gradient i= �P̃
�wgH .

�i� Stabilizing regime �i�0�. A downward water flow in
the cell frame which exerts an over stress against y inside the
porous medium.

�ii� Destabilizing regime �i	0�. An upward water flow in
the cell frame which tends to partially, or eventually totally,
fluidize the granular bed.

The ultimate state of the destabilizing regime defines the
fluidization threshold, when the overall drag force exerted on
the whole medium by the water flow balances exactly the
immersed weight of the grains. Higher water velocities yield
a fluidized regime. The critical pressure drop for fluidization

simply reads �P̃c= ��−�w�gH, where �, the bulk density, is
equal to �=��g+ �1−���w with �g the density of the grains
and � the volume fraction of the medium. The correspond-
ing critical gradient reads

ic =
� − �w

�w
= �

��g − �w�
�w

. �3�

The different regimes, and especially the transition from
static to fluidized medium, are clearly shown in Fig. 4 where
the hydraulic gradient i is plotted as a function of the inner
water velocity v for a granular bed constituted of glass beads
�d=1.0�0.1 mm, �g=2.59 g cm−3�, with an initial height
H=15.6 cm and a static volume fraction �=0.600. The wa-
ter velocity within the granular layer is deduced from a float-
ing indicator flowmeter measurement. The experimental flu-
idization onset corresponds to ic

exp�0.89, slightly smaller
than the theoretical value ic�0.95 deduced from Eq. �3�.
This might be due to geometrical effects at the corners of the
cell where the water velocity is slightly higher than in the
rest of the sample and induces locally immature fluidization
little before the whole bed becomes fluidized.

In such a porous medium, the velocity is commonly given
by Darcy’s law �8�:

v� = −
k


w
�grad P − �wg� � , �4�

where k is the permeability of the medium and 
w the vis-
cosity of water �
w�10−3 kg m−1 s−1�. In practice, this rela-
tion is valid as long as viscous forces remain predominant.
This corresponds to Reynolds numbers based on average
grain diameter d, Re=

�wvd


w
, that do not exceed some value

about 10 �8�. Above this limit, the flow is no more purely
laminar and the following empirical relation, called Ergun’s
law, is often used �8�:

�P̃

H
=

150
w

d2

�2

�1 − ��3v +
1.75�w

d

�

�1 − ��3v2. �5�

In the first term, one recovers Darcy’s relation with a specific
expression of the permeability, kE= �1−��3d2

150�2 . The second term
is purely empirical and accounts for inertial effects. In our

experiments, this quadratic correction is negligible except for
grains with diameter upper 1 mm for which Re can exceed
10. Such a case is presented in Fig. 4: while i remains
smaller than ic

exp, the experimental data are well approxi-
mated by Eq. �5�. By fitting, a value kexp= �1.16�0.04�
�10−9 m2 is obtained for the permeability, in very close
agreement with the above expression proposed in the Ergun’s
law, kE=1.19�10−9 m2.

III. THEORETICAL PREDICTION OF THE
AVALANCHE ANGLE

The aim of this section is to account for the overall drag
force induced by the water flow in the mechanical equilib-
rium of the medium and then, with an adapted criterion for
destabilization, to evaluate theoretically the instability
threshold, i.e., the avalanche angle. To do this, two alterna-
tive approaches can be used. First, the granular bed can be
considered as a continuum medium and the stability is dis-
cussed in terms of stress equilibrium. Second, considering a
sphere at the top surface of an assembly of equal spheres, it
is possible to calculate the maximum inclination of the sur-
face below which the local equilibrium of the upper sphere is

FIG. 4. Hydraulic gradient versus water velocity in a granular
bed �H=15.6 cm and �=0.600� constituted of glass beads �d
=1.0�0.1 mm�. The empirical Ergun’s law defined in Eq. �5� is
represented by the solid line.
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ensured. We will show in the following that both the con-
tinuum and the discrete approaches give exactly the same
prediction.

A. Continuum medium approach

The two-dimensional stress equilibrium equation of the
granular layer is

div �g
=

− grad P + �g� = 0� , �6�

where �g
=

is the granular stress tensor, P the total water pres-
sure, and � the bulk density.

By substituting Eq. �1� into Eq. �6�, we obtain with the
coordinate axes defined in Fig. 2,

��xx
g

�x
+

��xy
g

�y
= − �� − �w�g sin � , �7�

��xy
g

�x
+

��yy
g

�y
=

�P̃

�y
+ �� − �w�g cos � . �8�

More details on this calculation of the granular stresses in a
porous medium subjected to a nonhydrostatic gradient of
fluid pressure can be found in �7,9,10� and references therein.

In the frame of an infinite slope hypothesis, the stress
components are assumed to be independent of x. Assuming

also that the medium is homogeneous, one obtains �P̃
�y =− �P̃

H .
Then, the set of equations �7� and �8� is simply solved and
gives

�xy
g = �� − �w�g sin ��H − y� , �9�

�yy
g = − �� − �w�g�cos � −

�P̃

�P̃c

	�H − y� , �10�

where �P̃c is the critical pressure drop introduced previously
in Sec. II.

Finally, the stability threshold can be determined by as-
suming a Mohr-Coulomb criterion for the stability condition
of the granular stress,


�xy
g 
 � tan 
�yy

g 
 , �11�

where �=tan  is an effective friction coefficient. Note that
it is unclear if there is a real link between  and the so-called
angle of internal friction which is commonly used in soil
mechanics but with quite higher stress conditions. As proved
in �11�, Eq. �11� is a necessary and sufficient condition of
stability. After some algebra, the maximum angle of stability,
i.e., the so-called avalanche angle �a, can be written as a
function of the hydraulic gradient i and of the critical gradi-
ent ic defined in Eq. �3�,

�a�i� =  − arcsin� i

ic
sin 	 . �12�

B. Discrete approach

The same result can be obtained by an alternative ap-
proach based on the equilibrium of an individual grain situ-

ated at the upper layer of the granular medium as depicted in
Fig. 5. For such a grain, the momentum equilibrium is more
easily broken than the force equilibrium �5�. Let O be the
center of the grain and P the pivot point around which the
grain will first rotate. P is defined so as the resultant momen-
tum of the contact forces around P is zero. The other forces
to be considered in the momentum equation are the im-
mersed weight of the grain W� , which is vertical, and the drag
force D� exerted by the flow on the grain, perpendicular in
average to the free surface. Denoting by � the angle between
OP and −y� , the unit inward normal to the free surface, one
finds that the grain starts rolling as soon as the following
condition is reached �5�:

D�OP�sin��� 	 W�OP�sin�� − �� . �13�

Equation �13� also reads

D

W
	 cos ��1 −

tan �

tan �
	 . �14�

As each grain in the upper layer has a particular geometrical
configuration, Eq. �14� must be averaged over all these con-
figurations. The notation � � is used for the corresponding
average values. As the grains are all identical, W is constant
and one obtains

�D�
W

	 cos ��1 −
tan �

tan �
	 =

sin�� − ��
sin �

, �15�

where the angle � is defined by

1

tan �
=  1

tan �
� . �16�

For instance, to obtain an order of magnitude for �, we can
analyze the ideal case of a regular packing of spherical
grains. The most favorable situation for a sphere to become
destabilized is to roll over the valley constituted by two un-
derlying grains, whereas in the most stable scenario the grain
rolls over the summit of one of the underlying grains. By
geometrical considerations one finds the two limiting values
for tan �, respectively tan �m=

�2
4 and tan �M =

�2
2 �see �5� for

FIG. 5. Diagram for the calculation of the momentum equilib-
rium of a spherical grain at the upper surface of the granular bed. O
is the center of the grain, P the pivot point, � the inclination, and �
the angle defining the geometrical trapping of the sphere. W is the
vertical immersed weight and D the drag force exerted by the flow,
perpendicular to the upper surface.
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details�. In between these two limits, any intermediate situa-
tion is equiprobable. In the hydrostatic situation, Albert et al.
have derived in �12� a general expression for � as a function
of � where � denotes the angle between the steepest slope
direction and the local orientation of the base spheres:
����=arctan�1 /2�2 cos�� /3−��� with 0���� /3. Note
that, for the two extreme cases where �=0 and �=� /3, we
recover the values of tan �M and tan �m calculated above. As
� is randomly distributed at the upper surface of a pile, they
have evaluated the mean maximum stability angle to ���
= �3 /���0

�/3����d��23.4°. Here, in presence of an addi-
tional drag force, we can use the same procedure to evaluate
� from Eq. �16�,

1

tan �
=

3

�
�

0

�/3 d�

tan ����
=

3�6

�
. �17�

One obtains a slightly smaller value, ��23.1°, quite rea-
sonable compared to the experimental results obtained with
almost monosize glass spheres and presented in Sec. IV.

The immersed weight of a grain reads W= ��g−�w�g�g,
where �g is the volume of the grain and �g its density. The
average drag force acting on a grain at the upper surface
must be carefully evaluated. In �4�, it is assumed that this
force is weaker at the upper surface than inside the medium
and a specific expression is proposed which appears to us
rather questionable and unconfirmed. On the contrary, we
assume here that, in average, the drag force exerted by the
flow is the same on any grain of the medium, whatever its
position in the bulk or at the upper surface. Then, the average
drag force �D� is derived in the same way as in �3�. Let � be
the volume of the whole granular layer and S its surface. As
the medium is assumed to be homogeneous, the overall drag
force FD� acting on � is simply given by the nonhydrostatic
part of the total pressure force,

FD = �
S

P̃dS = �
�

− grad P̃d�

= − grad P̃� =
�P̃

H
�y� = �wgi�y� . �18�

The number of grains in the medium is N=�g /�g, where �g,
the total volume occupied by the grains, is related to the
solid volume fraction � by �g=��. Then, according to Eq.
�3�, the average drag force per particle reads

�D� =
�FD�

N
=

�wgi�g

�
=

i

ic
W . �19�

Finally, Eq. �15� together with Eq. �19� gives exactly the
same relation than Eq. �12� for the avalanche angle as a
function of the hydraulic gradient, except that  is replaced
by �. In fact, this is not so surprising since �D� is calculated
by a mean field approximation which is equivalent to a con-
tinuum medium assumption. Note also that, although the pa-
rameters  and � have two different physical meanings,
namely an effective friction coefficient and a mean geometri-
cal stability angle, they both correspond to the avalanche
angle measured in the classical hydrostatic situation where

there is no water flow within the granular layer, =�
=�a�0�. So a general expression for the angle of stability can
be written as follows, without any adjustable parameter:

�a�i� = �a�0� − arcsin� i

ic
sin �a�0�	 . �20�

By comparison to the previous theoretical predictions for the
avalanche angle, Eqs. �12� and �20� are identical, within the
convention of sign for i, to the calculations proposed in �4�
�continuum mode�, in �5� �individual particle equilibrium�,
and in �6� �particle equilibrium at low Re�. But the other
expressions in �4� �single particle mode� and in �6� �con-
tinuum approach and particle equilibrium at high Reynolds
numbers� differ notably from ours, which has the advantage
to unify discrete and continuum approaches. We can also
notice that, in the framework of sand erosion, the ratio i

ic
can

be interpreted as a Shields number �. Indeed, the dimension-
less Shields number � is used to describe the erosion thresh-
old and compares the immersed weight of a grain to the drag
stress � f induced by the fluid flow: �=

� f

��g−�w�gd �see �17� for

instance�. Here, from Eq. �19�, we can derive � f =
�wgid

� and it
directly follows that �= i

ic
. Note that this result also means

that, instead of the hydraulic gradient i= �P̃
�wgH which is com-

monly used by hydrologists, a more appropriate choice for
the nondimensional pressure drop in a granular soil would be

�P̃
��−�w�gH , which is directly equal to the Shields number �.

IV. EXPERIMENTAL RESULTS

A. Avalanche threshold

A large set of experimental data have been collected and
confronted to the theoretical prediction. The measurements
of the avalanche angle are performed as follows: once the
cell has been closed with a given mass of grains inside it, a
significant upward water flow is used to gently fluidize the
granular medium. Afterwards, the flow is slowly decreased
owing for a progressive settling down of the grains. This
way, we obtain a fairly reproducible sample with a constant
height H and with an almost flat upper surface. The height H
is measured with a precision estimated to �H=1 mm. The
corresponding values of the volume fraction �, obtained for
the different granular samples, are reported in Table I with an
uncertainty of measurement ���0.005. These are interme-
diate values of the volume fraction, in between loose and
dense packings. As could be expected, the volume fraction
tends to increase when the polydispersity of the grains be-
comes larger in proportion to the mean diameter. Two last
comments must be pointed out. First, since the different
granular samples have experienced the same prefluidization
procedure, they can be reasonably compared to each other.
Second, the dynamics of immersed granular media very
strongly depends on the bulk density and so it was impera-
tive to control accurately the initial volume fraction of the
samples so as to ensure the reproducibility of the results.

Starting from this reproducible initial configuration ob-
tained with the prefluidization procedure, a water flow is
applied within the granular layer and the pressure drop is
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measured by a differential pressure sensor. Then, with this
gradient kept constant, the cell is slowly rotated at constant
rate until an avalanche triggers at the free surface. The cor-
responding inclination is the avalanche angle �a. Note that
the granular sample is confined between the front and the
back walls of the cell by a sufficiently large distance, namely
5 cm, to prevent any wall effect, even for the largest beads
used here �d�3 mm� �13�.

In a few number of experiments, an alternative protocol
has been used: in the destabilizing regime �i	0�, the cell is
first rotated to a given angle �a; then a slight upward flow is
activated and progressively increased until initiation of the
avalanche. The pressure drop is recorded just before the in-
stability. Inversely, in the stabilizing regime �i�0�, to allow
an important inclination of the cell �up to 90°�, a high down-
ward flow is first applied and then slowly decreased down to
destabilization of the granular sample. We have checked that
the two protocols give the same results within the error bars.
As the first procedure is easier to implement, it has been
systematically used in the following.

In Fig. 6, the avalanche angles measured for two granular
samples constituted of glass beads �d=1.0�0.1 mm� at a
constant volume fraction ��=0.600� and with two different
heights �H=12.0 cm and H=18.4 cm� are plotted as a func-
tion of the hydraulic gradient i. The experimental points col-
lapse nicely on the theoretical curve without any adjustable
parameter. Indeed, the two parameters in Eq. �20�, namely
the critical gradient ic and the avalanche angle without water
flow �a�0�, are both known: the critical gradient is evaluated
to ic�0.95 �see Sec. II� and �a�0� is directly measured equal
to �a�0�=27.5° �0.5°. For all the experiments on glass
beads samples, with diameters ranging from 0.3 to 3 mm
and volume fractions about 0.60, we have found almost the
same value within the range 26° ��a�0��32°. Although
slightly larger, these avalanche angles are comparable to
those accurately measured in �14�. As already mentioned be-
fore, these experimental values are not too far from the the-
oretical estimate of � calculated in Sec. III B ���23° �. By
contrast, the value measured for the natural sand is signifi-
cantly larger, around 45°. In Fig. 7, to compare each other

the measurements obtained with different values of �a�0� and
ic, all the data collected for many glass beads samples and
for one natural sand sample are plotted in a diagram repre-
senting �a�i�−�a�0� as a function of sin��a�0��i / ic. This way,

TABLE I. Characteristics of the granular materials studied in
this paper, constituted either of glass beads �GB� or of natural sand
�S�. Corresponding volume fraction values obtained with the pre-
fluidization protocol and practically reproducible for each material.
The uncertainty of the volume fraction measurement is estimated to
���0.005.

Granular
material

Grains size
�mm�

Grains density
�g cm−3�

Volume
fraction

GB 0.3–0.4 2.47 0.605

GB 0.4–0.6 2.50 0.606

GB 0.5–0.75 2.49 0.612

GB 1.0�0.1 2.59 0.600

GB 1.6�0.05 2.51 0.599

GB 1.97�0.06 2.55 0.588

GB 2.95�0.07 2.50 0.594

S 0.4–0.8 2.65 0.550
FIG. 6. Plot of the avalanche angle �a as a function of the

hydraulic gradient i in two different samples constituted of the same
glass beads �d=1.0�0.1 mm� with two different heights: H
=12.0 cm, �=0.600 ��� and H=18.4 cm, �=0.600 ���. The solid
line corresponds to the theoretical prediction given by Eq. �20� with
ic=0.95 and �a�0�=27.5°. The size of the symbols indicates the
error bars.

FIG. 7. Collapse of all the collected data by plotting
�a�i�−�a�0� as a function of sin��a�0��i / ic. The solid line represents
f�x�=−arcsin�x� and corresponds to the theoretical prediction.
These data points have been obtained with several samples of glass
beads �GB� and with one sample of sand �S�: �GB� 0.3�d
�0.4 mm, H=10.7 cm, �=0.605 ���; �GB� 0.4�d�0.6 mm, H
=16.5 cm, �=0.606 ���; �GB� 0.5�d�0.75 mm, H=16.4 cm,
�=0.612 ���; �GB� d=1.0�0.1 mm, H=12.0 cm, �=0.600 ���;
�GB� d=1.0�0.1 mm, H=18.4 cm, �=0.600 ���; �GB� d
=1.60�0.05 mm, H=13.5 cm, �=0.599 ���; �GB� d
=1.97�0.06 mm, H=13.4 cm, �=0.588 ���; �GB� d
=2.95�0.07 mm, H=13.4 cm, �=0.594 ���; �S� 0.4�d
�0.8 mm, H=15.3 cm, �=0.550 ���.
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all the points collapse almost perfectly, in very close agree-
ment with the theoretical prediction, which is represented
here by the curve f�x�=−arcsin�x�.

Several observations can be made with regard to these
results. First, we have obtained a very good agreement be-
tween the theoretical calculation and the experimental data,
without any parameter adjustment as used in �5� or any
change of the theoretical expression depending on the direc-
tion of the seepage flow as observed in �4�. Moreover, in
comparison to these previous studies, much more materials
have been tested here and a significantly larger range of ava-
lanche angles is proposed. Second, a specific difficulty must
be pointed out concerning the evaluation of the avalanche
angle in the destabilizing regime. Indeed, as will be dis-
cussed later, the dynamics of the instability is rather progres-
sive in this case and makes it hard to clearly detect the ava-
lanche inset by direct observation, especially close to the
fluidization threshold. Finally, the two extreme situations,
namely over stabilized versus nearly fluidized medium, re-
quire some additional remarks. In the later case, as previ-
ously noticed in Sec. II, the experimental fluidization gradi-
ent is a bit smaller then the critical gradient ic and,
consequently, the data slightly departs from the theoretical
prediction when i tends to ic as can be seen in Fig. 6. In the
opposite situation, for a granular medium stabilized by an
intense inward water flow, very high values of the avalanche
angles can be observed, up to more than 90° �see Figs. 6 and
7�. According to the theoretical prediction, the maximum
angle, equal to �a�0�+90°, is obtained for i=−ic sin��a�0��
and for i�−ic sin��a�0��; the sample should remain stable
whatever the inclination of the cell. This situation has been
tested experimentally: a sand sample, with a high enough
inward stabilizing flow, can be completely tilted, upside
down. But this configuration is very sensitive to any moder-
ate flow rate fluctuation or external perturbation.

B. Avalanche dynamics

Once the inclination of the granular sample has reached
the stability threshold, the mechanical equilibrium of the me-
dium is no more ensured and an avalanche triggers, leading
to a transitory phase of grains motion in the upper part of the
sample until total deposition of the mobile layer. When there
is no water flow within the medium, it is well known that a
subaqueous avalanche of large enough grains is almost simi-
lar to a dry one since the pore pressure, i.e., the nonhydro-
static pressure, remains negligible in the granular sample.
For smaller grains, the permeability decreases over several
orders of magnitude and a macroscopic deformation of the
medium can possibly generate high pore pressures, suscep-
tible to modify significantly the development of the instabil-
ity �2�. Note that, according to its packing density, a granular
medium must either dilate or compact when it starts to flow
and the initial volume fraction is thus a rather critical param-
eter. At the present time, the influence of the interstitial fluid
on the unsteady motion of a granular medium is still not
clearly understood and this issue is accurately investigated
�see, for instance, Refs. �15–17��.

In our study, because of the forced water flow within the
sample, a pore pressure gradient is already present inside the

medium before its destabilization and can influence the sub-
sequent development of the avalanche. However, the cou-
pling between the deformation of the granular medium and
the inner water flow is not that simple and the present study
does not aim to answer this complex issue. By now, only
some obvious observations can be pointed out and reveal an
avalanching dynamics qualitatively different in the stabiliz-
ing and in the destabilizing regime.

�a� In the stabilizing regime, very high inclines are
achieved and, when the slope failure threshold is reached, a
thin layer of grains starts flowing near the left lateral wall
and runs downward over the upper surface. Then, in a very
fast dynamics, the avalanche becomes deeper inside the
sample in the upstream region, eroding extremely rapidly a
large amount of grains which are subsequently deposited
downstream, against the right lateral wall. The whole process
is abrupt, nearly instantaneous, highly nonstationary, and
mobilizes a great number of grains.

�b� In the destabilizing regime, the granular sample is
contrarily only slightly tilted and the transition from a static
pile to flowing grains appears to be very progressive: at first,
the medium seems to slowly and gradually move as a whole
before a moderate avalanche triggers at the upper surface so
as to partially flatten the slope. The flowing layer remains
limited to a small extent and the transition from a slow col-
lective motion to a superficial flow becomes rather blurred,
especially close to the fluidization inset. So, as already men-
tioned in Sec. IV A, it is quite hard to determine precisely
the avalanche inset by a simple visual observation and an
almost objective criterion was chosen for the data collected
in Figs. 6 and 7: the instability threshold is reached as soon
as the entire upper layer of the sample is flowing.

�c� By comparison, in the classical situation when there is
no water flow within the granular bed, an intermediate dy-
namical behavior is observed: a tiny progressive deformation
of the sample ultimately followed by a rather fast and mas-
sive destabilization.

These qualitative observations are only a preliminary
analysis of the dynamical development of a gravitational in-
stability in the situation of an inner water flow. This issue
will be investigated more in depth, in a future work, by use
of a fast camera since the duration of these avalanches are
too small for standard images recording rates. In particular, a
systematic study will be carried out to clarify the relative
influences of the hydraulic gradient, of the grains size, and of
the volume fraction which is believed to be quite substantial,
as already mentioned in Sec. IV A.

C. Postavalanche interface

The last point discussed in this section concerns the static
shape of the free surface following avalanches. For the
purely hydrostatic situation, it is well known that the upper
surface of the granular bed is linear with an inclination
slightly smaller than the avalanche angle �a: the so-called
repose angle �r. For the glass beads used in this study, in
rather closed packed configurations, �r remains in the range
20° ��r�23°. That is to say ���6° –9° below the corre-
sponding values of the avalanche angle. Note that these val-
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ues are more or less comparable to the ones measured in
�14�, except for �� which is appreciably larger, maybe be-
cause of the different experimental configurations �rectangu-
lar cell versus rotating drum� and bed’s initial conditions
�prefluidized sample versus previous avalanche deposit�. On
the other hand, when water flows within the grains layer, we
can observe that the interface of the granular deposit is no
more linear and becomes progressively curved. In the desta-
bilizing regime, the avalanche angles are quite small and this
effect is scarcely visible. By contrast, in the stabilizing re-
gime with higher values of �a, the upper surface departs
notably from a linear shape as can be seen in Fig. 8.

This nonlinear shape of the sample free surface can be
simply understood: after deposition of the avalanche, the
granular bed does not have a constant height anymore and
the streamlines of the inner water flow are thus significantly
modified. The nonhydrostatic pressure gradient is conse-
quently no more constant in the sample: it increases where
the bed becomes thinner, i.e., upstream the avalanche direc-
tion, and decreases downstream. In the following, a model is
developed to account for this effect.

1. Model

The diagrams in Fig. 9 represent a granular sample before
and after an avalanche. Before the instability triggers, the
sample has a constant thickness H and undergoes a uniform
hydraulic gradient i0. After the avalanche, the sample height
is no more constant and, consequently, so is the superficial
hydraulic gradient. As shown in Fig. 9, the following local
quantities can be defined at an abscissa x: height h�x�, hy-
draulic gradient i�x� �locally perpendicular to the interface�,
repose angle �r�x�, and local slope ��x�. Note that ��x� is
related to the height by

dh

dx
= tan ��x� . �21�

It has been obtained theoretically in Sec. III and con-
firmed experimentally in Sec. IV that the avalanche threshold
is related to the hydraulic gradient i0 by �a�i0�=�a�0�
−arcsin�i0 / ic sin �a�0��. Let us assume that, no more at a
macroscopic but also at an intermediate scale, an analog re-

lation holds between the local repose angle and the superfi-
cial hydraulic gradient,

�r„i�x�… = �r�0� − arcsin� i�x�
ic

sin �r�0�� . �22�

As can be seen on the postavalanche diagram in Fig. 9, the
local slope ��x� is related to the local repose angle by

��x� = � − �r�i�x�� , �23�

where � is the inclination of the cell. This gives the follow-
ing expression for ��x�:

��x� = � − �r�0� + arcsin� i�x�
ic

sin �r�0�� . �24�

The next step consists in evaluating the local hydraulic
gradient i�x� at the upper surface. To do this, the nonhydro-

static pressure field P̃�x ,y� must be calculated in a porous
layer with a variable thickness h�x�. Assuming first that the
water velocity v� is given by Darcy’s law in Eq. �4� and

FIG. 8. Typical picture of the free surface following an ava-
lanche in the stabilizing regime �i�0�.

FIG. 9. Diagrams of the experimental cell for two successive
inclinations, below and above the avalanche threshold �a�i0�. Ini-
tially the granular sample has a constant thickness H and undergoes
a uniform hydraulic gradient i0 �here in the stabilizing regime with
i0�0�. In the postavalanche situation, at an abscissa x, the follow-
ing local quantities are introduced: height h�x�, superficial hydraulic
gradient i�x� �perpendicular to the interface�, repose angle �r�x�,
and local slope ��x� �defined by dh /dx=tan ��x��.
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second that water is incompressible, div v� =0, the Laplace

equation �P̃=0 holds and must be solved. An approximate
analytical solution can be derived by a two-stage procedure.
The calculation is first carried out for a linear upper surface
of the porous medium and without any lateral boundary con-
ditions. Then, the previous solution is generalized to a slowly
variable profile h�x� but, here again, the influence of the
lateral walls is neglected. The detailed calculation is pre-
sented in Appendix A and gives in the end the following
approximate expression for the local superficial hydraulic
gradient i�x�:

i�x� = i0
tan ��x�

��x�
H

h�x�
. �25�

2. Solution and validation

To calculate the free surface profile of the postavalanche
deposit, we must solve equations �21�, �24�, and �25� that
relate locally, at the upper surface, the slope ��x�, the height
h�x�, and the hydraulic gradient i�x�.

A direct numerical integration is quite simple and the cor-
responding profiles can be confronted to several experimen-
tal data measured for a granular sample subjected to con-
trolled inner water flows. The experimental data are obtained
after image processing of high resolution pictures �2048
�1536 pixels� similar to the one presented in Fig. 8. These
pictures can be recorded either in the vicinity of the instabil-
ity angle, just at the end of a massive avalanche, or for higher
inclines, giving rise to slight subsequent superficial flows
either intermittent or continuous according to the driving ro-
tation rate of the cell. A comparison between theoretical and
experimental profiles is presented in Fig. 10 for a glass beads
sample �0.3�d�0.4 mm, �=0.605, and H=10.7 cm� in the
stabilizing regime �i0=−0.45�. An overall agreement is ob-
tained, except in the upper part of the first profile at inclina-
tion �=49.1°. In this specific case, just after the instability
threshold, an almost instantaneous avalanche first triggers,
followed by a more moderate superficial flow which ensures
the equilibration between the local slope and the pressure
drop as postulated in Eq. �22�. If, as observed here, this flow
does not reach all the extent of the granular sample, the
upper zone remains out of equilibrium in terms of local re-
pose angle versus hydraulic gradient.

Concurrently to the direct numerical integration, an ap-
proximate solution can also be derived providing that the
local hydraulic gradient i�x� remains close enough to i0, the
constant hydraulic gradient before avalanche. More pre-
cisely, if 
i�x�− i0
� ic, the set of equations �21�, �24�, and
�25� can be linearized and, after Taylor expansions �see Ap-
pendix B for details�, the following nonlinear first order dif-
ferential equation is obtained:

dh

dx
= tan �*�1 +

h*

h�x�
	 , �26�

where two parameters have been introduced. The first one,
tan �*, reads, as a function of �0=�−�r�i0�,

tan �* = tan �0 −
i0 sin �r�0�

ic cos2 �0
�1 − �i0/ic sin �r�0��2

. �27�

The second parameter h*, homogeneous to a height and
negative �respectively, positive� in the stabilizing �respec-
tively, destabilizing� regime, is defined by

h* = H
i0 tan �0 sin �r�0�

ic�0 cos2 �0 tan �*�1 − �i0/ic sin �r�0��2
. �28�

Finally, Eq. �26� can be integrated and gives the following
implicit expression for the local height h�x�,

h�x� = H + tan �*�x − xH� + h* ln�h�x� + h*

H + h*
	 , �29�

where xH is the only unknown parameter of the model and
corresponds to the position where the local height is equal to
H, the initial thickness of the sample.

As can be seen in Fig. 10, there is only a slight deviation
between the approximate solution and the direct numerical
integration even when Eq. �29� is used out of the domain of
validity of the Taylor expansions, i.e., when 
i�x�− i0
� ic.
The overall agreement with the experimental data is here
again quite satisfactory. However, it should be noticed that in
several cases, the accuracy of the theoretical profiles is not
that good. We believe that this is due to the sensitivity in the
evaluation of h* and, in a smaller extent, of tan �*, to some

FIG. 10. Theoretical and experimental profiles obtained with an
initial sample �H=10.7 cm, �=0.605� constituted of glass beads, in
the stabilizing regime �i0=−0.45�, for the following successive in-
clinations: �=49.1°, 58.8°, 63.7°, and 69.0°. The solid lines corre-
spond to the direct numerical integrations and the dotted lines to the
approximate solutions in Eq. �29�. Inset: local slope evaluated from
the experimental profile at �=58.8° and compared to the prediction
of Eq. �26� where the parameter h* is either fixed �dotted line� or
free �solid line�.
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slight variations of the different experimental control param-
eters, namely H, i0, �r�0�, and �. The main sources of devia-
tion can be identified: the unavoidable uncertainty of mea-
surement, the statistical evaluation of �r�0�, and, the last but
not the least, the difference between the effective inclination
of the cell at which the picture is taken and the equilibrated
inclination, i.e., the angle at which the last surface avalanch-
ing flow has stopped. For these reasons, a bias can be ob-
served between the expected values of tan �* and h* and the
ones obtained by a fitting procedure when either both tan �*

and h*, or only h*, are set as free parameters �see for in-
stance the inset in Fig. 10�. This deviation remains moderate
for tan �* but can be more important for h* whose depen-
dence with �0 in Eq. �28� is rather complex and, in particu-
lar, nonmonotonic.

3. Validity of the nonhydrostatic pressure field approximation

Since no lateral boundary conditions are considered in the
calculation of Appendix A, the approximate solution of the
nonhydrostatic pressure field given in Eq. �A6� is only ac-
ceptable far enough from the walls. Nevertheless its validity
in all the granular layer can be checked a posteriori. Indeed,
by use of a commercial software dedicated to groundwater

flow analysis, the nonhydrostatic pressure field P̃ can be
evaluated numerically. Then, this exact solution is compared
to our approximate theoretical expression in Eq. �A6�. The
comparison is presented in Fig. 11 where several exact iso-

baric lines of pressure P̃= P̃1+��P̃2− P̃1�, with 0���1, are
plotted together with the approximated expression deduced
from the model, namely,

y��x� = h�x��dh

dx
	−1

tan�� arctan�dh

dx
	� , �30�

where the local slope dh
dx is given by Eq. �26�.

As can be seen in Fig. 11, the approximate analytical ex-
pression deviates significantly from the exact solution close

to the wall, especially in the right part of the sample. How-
ever, the overall agreement remains acceptable and, mention-
ing the accuracy the model, expressions �A6� and �25� appear
as realistic approximations of the nonhydrostatic pressure
field.

V. SUMMARY AND PERSPECTIVES

The gravitational instability of a granular material under a
stationary inner water flow was investigated both experimen-
tally and theoretically. The angle threshold at which an ava-
lanche triggers was measured as a function of the hydraulic
gradient i, the nondimensional pressure drop, for a natural
sand sample and for several glass beads samples with differ-
ent heights or particles sizes distributions. The experimental
data are in very good agreement with a theoretical prediction
derived concurrently by two alternative approaches: con-
tinuum medium theory and local equilibrium of discrete
spheres.

In the vicinity of the avalanche threshold, the dynamical
development of the instability reveals noticeable differences
according to the water flow regime. In the stabilizing regime,
with an inward water flow, the granular sample remains
static, even for high inclinations, and, once the threshold is
reached, a fast and massive avalanche triggers, mobilizing a
large amount of grains. In the destabilizing regime, for a
sample partially fluidized by the water flow, the destabiliza-
tion is continuous and progressive until a quite moderate
avalanche slightly flattens the free surface. By comparison,
the more classical purely hydrostatic situation has an inter-
mediate behavior with a slightly progressive motion of the
whole granular sample until a rather large avalanche triggers.
A further study will be dedicated to this dynamical behavior
around the avalanche threshold. The influences of the water
flow and of the bed characteristics �volume fraction, mean
grains size, permeability� will be specifically analyzed.

Finally, in the two water flow regimes, the static shape of
the granular sample following the first avalanche has no
more a constant slope as in the usual case with no water flow.
Indeed, the upper free surface departs significantly from a
simple linear interface at the repose angle, especially in the
stabilizing regime where high inclinations are reached. As-
suming a local constitutive relation between the repose angle
and the hydraulic gradient, and deriving an approximate ex-
pression of the nonhydrostatic pressure field, a numerical
solution as well as an analytical implicit expression can be
predicted for the sample profile in very good agreement with
the measurements. The validity of the model is satisfactory
confronted to numerical and approximated analytical solu-
tions of the inner water flow.
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FIG. 11. Comparison between the exact isobaric lines �grayscale
contours� and the approximate analytical expression �dashed lines�
y��x� with �=0,0.1, . . . ,0.9,1. The bed profile h�x� has been mea-
sured for an initial sample �H=16.5 cm, �=0.606� constituted of
glass beads �0.4�d�0.6 mm� with i0=−0.34 and �=63.1°.
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APPENDIX A: APPROXIMATE LAPLACE
EQUATION SOLUTION

A simplified analytical solution of the Laplace equation

�P̃=0 in a two-dimensional �2D� porous layer with a vari-
able thickness h�x� is proposed in the following. The situa-
tion is depicted in the bottom diagram of Fig. 9. No bound-
ary conditions are imposed at the two lateral walls so that the
subsequent solution will be valid only in the center part of
the medium, far enough from the walls. The boundary con-
ditions at the bottom and at the top of the medium are

P̃�x,0� = P̃− and P̃�x,h�x�� = P̃+. �A1�

To solve the Laplace equation, we use the following
change of variables

P̃�x,y� = G�x�F�u =
y

h�x�
	 . �A2�

According to the boundary conditions in Eq. �A1�, the
function G�x� is simply a constant which can be taken equal

to 1 and, consequently, the function F�u� satisfies F�0�= P̃−

and F�1�= P̃+. Then the Laplace equation reads

�P̃ = 0 = �2u
h�2

h2 − u
h�

h
	F��u� +

1 + u2h�2

h2 F��u� . �A3�

It follows

F��u�
F��u�

=
uhh� − 2uh�2

1 + u2h�2 , �A4�

which can be integrated to give

F��u� = A�x��1 + u2h�2�−1+�hh�/2h�2�, �A5�

where A�x� is a function to be determined by the boundary
conditions. Equation �A5� can be integrated analytically if
h�=0, that is to say for a linear profile given by dh

dx =tan �.
The subsequent expression reads

P̃�x,y� = P̃− +
�P̃+ − P̃−�

�
arctan�tan �

y

h�x�
	 . �A6�

We can now evaluate at an abscissa x the superficial hydrau-
lic gradient i��x�= i�x�n� �x�, where n� �x� is the normal unit vec-
tor at the upper free surface. From Eq. �2�, one obtains

i�x� =
tan �

�

�P̃+ − P̃−�
�wgh�x�

= i0
tan �

�

H

h�x�
. �A7�

In this expression, we have introduced the hydraulic gradient

i0=− �P̃
�wgH which corresponds to the uniform hydraulic gradi-

ent induced in a medium with a constant height H by the

same difference of pressures �P̃= P̃−− P̃+ between the lower

surface �P̃−� and the upper surface �P̃+�. This corresponds to
the reference situation below the avalanche threshold as de-
picted in Fig. 9.

Starting from this expression, we can investigate the case
of a slightly variable height by assuming that the previous

solution can be used locally: the constant slope tan � is then
simply replaced by the local slope dh

dx =tan ��x�. It follows

i�x� = i0
tan ��x�

��x�
H

h�x�
. �A8�

APPENDIX B: LINEARIZED SOLUTION FOR THE
POSTAVALANCHE PROFILE

Providing that i�x� remains close to i0 and, more precisely,
that 
i�x�− i0
� ic, we can linearize around i0 the different
equations of the model derived in Sec. IV C 1.

A first Taylor expansion of Eq. �22� gives

�r�i�x�� � �r�i0� −
�i�x� − i0�sin �r�0�

ic
�1 − �i0/ic sin �r�0��2

�B1�

with �r�i0� given by

�r�i0� = �r�0� − arcsin� i0

ic
sin �r�0�	 . �B2�

It follows

��x� � �0 + ��i�x� − i0� , �B3�

with �0=�−�r�i0� and where, for convenience, � is defined
in the following by

� =
sin �r�0�

ic
�1 − �i0/ic sin �r�0��2

. �B4�

Then, one obtains by Taylor expansion of Eq. �21�,

tan ��x� � tan �0 +
��i�x� − i0�

cos �0
2 . �B5�

From Eq. �24�, the linearized hydraulic gradient i�x� reads
simply

i�x� � i0
tan �0

�0

H

h�x�
. �B6�

Equations �B5� and �B6� together with the definition of
the local slope gives

dh

dx
� tan �0 −

�i0

cos2 �0
+

�i0 tan �0H

�0 cos2 �0h�x�
, �B7�

which can be written

dh

dx
= tan �*�1 +

h*

h�x�
	 , �B8�

where tan �*, a characteristic slope, and h*, homogeneous to
a height, are introduced as

tan �* = tan �0 −
�i0

cos2 �0
�B9�

and

h* = H
�i0 tan �0

�0 cos2 �0 tan �*
. �B10�
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